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Plastic Instability of Cylindrical Pressure Vessels of
Finite Length
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A mathematical analysis is given for the plastic instability of an internally pressurized
cylindrical shell of finite length. The ends of the shell are free to rotate and to translate

axially but are restrained from radial motion.

Tresca’s yield condition and the associated

flow rule are used, and the shell material obeys Ludwik’s power law, g, = C(e,)*, where o, and
€, are the effective stress and strain, and C and n are material constants. When the deformed
shape of the meridian of the pressurized shell can be represented by a parabola, the instability
pressure increases from the known value for long shells to approximately twice that value for
short shells. The bulk of the increase in the instability pressure occurs for the shells with
length less than diameter. For fixed shell length, the instability pressure increases with in-
creasing values of the strain-hardening exponent n.

Introduction

NTIL recently, studies of plastic tension instability

have dealt with rather simple structural elements such
as rods, plates, and infinite cylinders.! In particular, the
effects of end constraints have not been considered. Within
the past two years, however, two independent reports have
appeared which deal with the strengthening effect of end
constraints on the plastic instability of internally pressurized
cylinders of finite length, the ends of which are restrained
against radial motion.23 These reports show that, as the
length-to-diameter ratio of the cylinder decreases toward
unity, the instability pressure, i.e., the local maximum of
the pressure function p = p(e.), increases slightly, usually by
less than 109,. Below length-to-diameter ratios of unity,
these solutions cease to be valid because the total strain (or
deformation) theory of plasticity is used in the analyses. As
is well known, this theory applies only for nearly constant
stress ratios, and it is shown in Ref. 2 that this condition
generally requires length-to-diameter ratios greater than
unity.

In the present paper, the incremental (or flow) theory of
plasticity is used, and no limitations on length-to-diameter
ratios appear. A complete range of dependence of the in-
stability pressure on length-to-diameter ratios ranging from
zero to infinity is developed. For some ranges of length-to-
diameter ratios, two instability pressures (i.e., two local
pressure maxima) are found, with the larger instability pres-
sure occurring at rather large deformations.  If the cylinder
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material has limited ductility, the smaller instability pressure
may govern; otherwise, failure will occur at the larger in-
stability pressure. Final results give both instability pres-
sures, so that the range of possible failure pressures is avail-
able. Tt is found that the ends of the cylinder have a pro-
nounced strengthening effect when the length is less than the
diameter. This trend also is observable in published experi-
mental data.*

Basic Equations

A eylindrical pressure vessel of initial radius R and length
2L has end supports that permit meridional rotation and axial
extension but prevent radial motion. Under pressurization,
the vessel will “barrel out” and change length as shown in
Fig. 1. Equilibrium of the deformed cylinder is governed by
the membrane relations

gy = p72/2h (1)
oo = (pro/2h)[2 — (roy/m)] )

where ¢4 and o0 are the meridional and circumferential mem-
brane stresses, 1 p is the internal pressure, % is the instantane-
ous wall thickness, and r; and 7, are the principal radii of curva-
ture shown in Fig. 2. The radius r; lies in the meridional
plane and is related to the instantaneous distance from the
shell to the axis » by

ro= —(1+ ')/ ®3)

whereas the radius 7» lies in the plane perpendicular to the

1 As usual, the transverse normal stress o is neglected in com-
parison with ¢y and o,
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Fig.1 [Initial and deformed geometry of cylindrical vessel

meridional and tangent planes and is related to r by
r o= r(l + s @

Primes in Eqs. (3) and (4) and in what follows denote differ-
entiation with respect to the axial coordinate { (see Fig. 1).

Since the strains may be large, the logarithmic measure is
used. Thus, the meridional, circumferential, and transverse
normal strains are given by

€ = In(ds/dz) = In(1 4 r"2)(d¢/dz) (5)
e = In(r/R) (6)
& = In(h/H) )

where, as shown in Fig. 1, (R, 2) and (r, {), respectively, are
the coordinates of a material particle before and after de-
formation, the point (0,0) coinciding with the center of the
cylinder. The quantity s represents the distance along the
meridian from the equatorial plane, and H is the original
thickness of the cylinder wall.

The cylinder material is assumed to be rigid-plastic and to
obey Ludwik’s power law of strain hardening and the Tresca
yield condition. Ludwik’s law requires a unique relationship
between o. and e., taken here as the power relation§

g. = Cen &

where o, and e are the “effective stress” and ‘“‘effective
strain’’ and are defined, respectively, by

Oe = | Omax — Tamin] 9)
€ =% S |demax — deémin) (10)

In Egs. (9) and (10), omax a0d 0min 80d demex and deniy are
the algebraically largest and smallest principal stresses and
strain increments, respectively, and C and n are material
constants. The factor 2 in Eq. (10) assures that the longi-
tudinal-stress/longitudinal-strain relation in simple tension
or simple compression becomes identical with the effective-
stress/effective-strain relation.

Since the meridional and circumferential directions are the
principal directions of stress and strain, Eq. (9) for the Tresca
yield condition may be illustrated as shown in Fig. 2. For
convenience, o, and oy are normalized with respect to the
instantaneous values of o.. It is seen that the yield condition
is represented by the hexagon ABCDEFA in the (o4/0.,
d4/0.) plane. In such a representation, a straight line issu-
ing from the origin is the locus of points of constant o4/0¢
and, by virtue of Eqs. (1) and (2), the locus of points of con-
stant ro/r1.  For example, in an infinitely long internally pres-
surized cylinder where ry/r, = 0, point G, with o4/0s = %,
represents the state of stress throughout the shell. This con-
dition prevails also in finite-length cylinders for small internal
pressure. With increasing pressure, however, ro/r; > 0, so
that o4/09 > %, and the state of stress is represented by

§ Use of this relation should not be interpreted as using total
strain theory, c.f. Eq. (10), which defines e,.
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points that move along the hexagon from G to B and possibly
toward C.

For the stress ratios between G and B, oy/0. = 1, i.e.,
the effective stress is the circumferential stress, og. The
incompressibility condition and the flow rule associated with
Tresca’s yield condition furnish the strain-increment ratios

deg:deg:de, = 0:1:—% » (11)
By virtue of Eq. (9), the effective strain becomes
& = 2 [ |des — de.| = %es 12
and from Eq. (11), the total strains may be written as
€ = 0 (13)
€& = —& (14)

Equations (11-14) are valid until the corner B is reached.
There the strain-increment ratio de,:dep takes on some posi-
tive although indeterminate value, whereas the principal
stresses are equal (¢y = o, = o¢.). Whether instability
oceurs before or after the corner is reached depends on the
strain-hardening parameter n and the length-radius ratio
L/R. Tt will be found that, for values of n commonly en-
countered in high-strength rocket motor case materials, i.e.,
n < 0.1, instability occurs before the corner is reached if the
cylinder is long (I./RE > 1). If the cylinder is short (L/R <
1), instability occurs at a stage of deformation associated
with the corner B or the side BC. ‘

Formally, the problem is defined by Kqs. (1-10) together
with the appropriate boundary conditions and a knowledge
(known a priori or assumed and verified a posteriori) of the
stress ratio to determine the location on the yield diagram
(Fig. 2). For example, when the stress ratios fall along GB,
Eqs. (11-14) apply. These and the preceding equations may
be combined to yield a single, nonlinear, second-order differ-
ential equation in r({). Rather than attempt to obtain a
general solution for r({), we will assume that the shape of the
meridian curve is well approximated by a parabola, i.e., we take

r =R+ w(l — /N (15)

where wp is the radial displacement at the equator and X\ is
related to L, the original half-length of the cylinder, through

L= ﬂ Y o=€a(1 4 )1y (16)

derivable directly from Eq. (5). This choice for the meridian
curve recommends itself by its plausibility and simplicity.
Moreover, it is shown in the Appendix that for small deforma-
tions the meridian shape is approximately parabolic.

In the subsequent discussion of the instability of the finite
cylinder, the conditions under which failure can occur along
the equator of the deflected shell will be examined. The
justification for having confined our attention to this region
Lies primarily in an intuitive reasoning that associates the
improved behavior of the finite cylinder with the reinforcing
effect of the end constraints and presumes that the area that is
most remote from the ends, 1.e., the area of the equator, is the
critical one.

op/Te ogp/og=r/r =1
Hc
B/G¢/ae= 172,r,/r, =0
G
D
og /o,
-1 0 | 877
E -1F

Fig. 2 Tresca’s yield condition
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The radius ratio (re/7)r=0, which determines the position
on the yield hexagon, is obtained by combining Eqs. (3, 4,
and 15):

(ra/m)=0 = 2wo(R + wo) /A2 a7

It may be shown that (ro/r;) takes on its largest value at
¢ = 0. Hence, the corner B in Fig. 2, for which the stress
ratio o4/ s = 1 and the radius ratio ry/r, = 1, is reached first
at points on the equator. At this instant, the deflection wp
assumes the particular value

we* = (B/2 {1 + 2(\*/BH]"? — 1} (18)

and the total strains at the equator become, with reference to
Egs. (6,13, and 14),

e = Ik {[1 + 20\*/RH]I2 + 1} = —e*  (19)
€g,F = 0 (20)

The following analysis will deal separately with two dis-
tinct stages of deformation of the vessel. In the first stage
(wo < wo*), Eqs. (11-14) apply. In the second stage (wp =
we*), when the state of stress has reached the corner B of
the Tresca hexagon, altogether different relationships apply,
and these will be developed as they are needed later in the
analysis.

First Stage of Vessel Deformation

A state of plastic instability is defined to exist when the
function p = p(e.) reaches a maximum. Because of Eq.
(12), it is sufficient to examine p as a function of .

The internal pressure p can be written readily as an ex-
plicit function of ¢5. Equations (2-4, 6, 7, 14, and 15) yield,
at the equator,

H 1
= g 2¢
p=ge [1 = R®/N e — 1) eeeo] o6 (1)
The circumferential stress and strain, oy and e, now may
be related directly by making use of the quantities o. and
&. It will be recalled that in the first stage of deformation
o9 = 04, and from Eq. (12), ¢ = e. Hence, by Eq. (10),

oo = C(5)" &" (22)
and Egs. (21) and (22) combine to form

H [4\~ e 2, (eg)"

p=Cg <3> {1 RN (e — 1)6%} (23)
Typical behavior of this pressure function is shown in Fig.
8. The range of e, is from 0 to €,*, where &,* is given by
Eq. (19) and represents the value of €, at which the corner
B of the Tresca hexagon is reached. It is seen that p at
first increases with es,, reaches a local maximum, dips to a
local minimum, and then begins to increase again as €,* is
approached. The local maximum represents the instability
pressure p;. The factor B/\ in the denominator of Eq. (23)
varies with ey, the functional relationship being given by

Eq. (16) with ¢4 = 0. Tt can be shown, however, that

R/N = (R/L)[1 + %es? + 0(es®)]

The analysis will be much simplified if one writes R/\ =
R/L,or

e~ 2¢00 (eg,)™ } 24)

_coH (‘%)"
P=YR\3) U = ®R/LHew— Dew

This is equivalent to neglecting terms of order (R?/L%) e’ in
comparison with terms of order 1 in the denominator of Eq.
(23). Tt will be seen shortly that the restriction (B?/L%)ep,? <
1 actually does not limit the usefulness of the analysis.
Stationary points for p as given by Eq. (24) can be found
by straightforward differentiation. The condition dp;des, = 0

PLASTIC INSTABILITY OF CYLINDRICAL PRESSURE VESSELS 1609

Fig. 3 The pressure func-
tion; first stage of deforma- o
tion

implies that, at a relative maximum or minimum, eg, must
satisfy the equation
26, 1 — (RY/LA(e%00 — ecor)
n 1 — (R*/L%)(e*0 — Secon)

(25)

This equation can be solved quite easily either numerically
or graphically. Once the instability strain is known, the
instability pressure can be computed from Eq. (24). In the
present study, instability strains es, and instability pressures
p; were found for 0.005 < n < 0.1and L/R S 1.

Results are presented in Fig. 4 as curves of p; vs L/R for
several values of n. The normalized instability pressure p;
is the ratio of p; at a particular L/R to p; at L/R— «. As
obtained previously (for example, see Ref. 1),

._)9111(2 "(@ "
piL/R-—)uo R \3 e

It is seen that, for any strain-hardening exponent n, the in-
stability pressure increases as the cylinder is shortened,
demonstrating the strengthening effect of the fixed ends.

107

1.06

105

102

0.6( 1 )048 1.0 1.2 14 16 1.8 2.0

Fig. 4 Pressure ratios at instability; first stage of
deformation
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Fig. 5 Pressure function during
transition from stage 1 to stage 2

These curves are in excellent agreement with those found
previously in Refs. 2 and 3.

It will be recalled that the leading neglected term in Eq.
(23) was (R?/L%e,. For the values of n of interest here,
(R%*/ L% ¢€,* < 0.005, and there is no significant difference in
behavior between Egs. (23) and (24).

The termination of the curves near L/R = 1 is caused by
the disappearance of the local maximum in Fig. 3.! For
given n, as L/R decreases, the local maximum and minimum
in Fig. 3 approach each other and eventually merge to an
inflection point. Below this critical value of L/R, no sta-
tionary values exist in the range 0 < es < en*. Thus, be-
havior of the pressure function during the second stage of
deformation (at or beyond the corner B of the Tresca hexa-
gon) must be examined for instability.

Second Stage of Vessel Deformation:
Shells of Intermediate Length

The shell enters the second stage of deformation when Eqs.
(18-20) hold. Since there are equal radii of curvature at the
equator,

Ogo = 0 = Oe (26)

A relation between pressure and strain may be obtained
by combining Egs. (1, 4, 6-8, 15, and 26) and then using the
incompressibility condition to form

p = 2(HC/R)(e) e~ oot es) @7)

At the corner of the Tresca hexagon, the flow rule no longer
furnishes a relationship between the strain increments dey and
des except to require that they be nonnegative. However,
considerable information can be obtained without any knowl-
edge of the behavior of the strain-rate vector. It turns out
that, for a wide range of L/R values, instability occurs as
soon as the corner is reached, and that the instability pres-
sures and strains are then independent of even the initial
direction of the strain-rate vector.

Call the initial value of dego/deso at the corner of the Tresca
hexagon 8%, i.e.,

d6¢.0 %
= >0
def)o] 6 -

g, = 0
590 = Ego*

€, = e % = (4/3)eg,

B* > 1 corresponds to dey, > des, and implies that initially

dfeo = %(de‘#ﬁ - dero)

or, because of incompressibility,

deg, = %(2d5¢0 + degy) (28)
If, on the other hand, 8* < 1, then initially
deeo = %(dedw + 2d€00) (29)

Consider first that 8* > 1, and that, in some small region

Il The termination does not result from the approximation
R/\ = R/L introduced into Eq. (23). In fact, it can be proved
that the L/R values at which stationary points begin to disap-
pear are slightly greater for Eq. (23) than for Eq. (24).
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of the (eg,€0) Dlane, the ordering of strain rates remains as
deg, > deg, > dey
that is,

de(bo/df@o = p* + F(es;, edm) >1 (30)

where F(e,*, 0) = 0.
The effective strain, which can be written as

6" €eo
€y = f des, + f . Qe
Q Een

reduces, because of Eq. (28), to

€0 = H€g0 T 5(en + €5,") 3D

The strains €4, and e, are related through Eq. (30). At
least in principle, Eq. (31) permits the effective strain to be
written as a function (increasing) of e, (or €4,) alone. Condi-
tions for instability therefore can be determined by examining
the behavior of p as a function of e, (Or €g,).

Since one is looking for relative maxima, consider the first
derivative of Eq. (27):
dp 4 HC |:4

2 n-1
= €0 T 3 (epo + 690*)] e

— (2530—}— edw)
X
3

des, deg,
{n (z dZ—: + 1) — (Zego + s + €0, (2 + 07:?)} (32)
n—1 —2¢ 0*
739 l:g 60*:| e ’ X

{n(26* + 1) — 2¢,* 2 + 8%} (33)

The behavior of p is illustrated in Fig. 5.

Generally, there will be a discontinuity in slope at the on-
set of the second stage of deformation. Because of this, it is
possible to have a relative maximum, and therefore instability,
even though the condition dp/des, = 0 cannot be satisfied.

If

Initially

EB] _
deg, -

€ = €gy*

€0 =0

O H

n28* + 1
2 24 B*

500* Z (34)

the slope starts out negative or zero in the second stage, and
instability occurs as soon as the shell becomes locally spherical
at the equator. If
L _m2B*+ 1
€g, < 9 —“—2 + ﬂ* (35)

the slope starts out positive, and instability presumably
occurs for some e, > €g,*.

The situation is similar but even simpler for 3* < 1. In
this case, because of Eq. (29), the effective strain becomes

€eo = %(2660 + 6¢0) (36)

The pressure therefore can be written explicitly as a func-
tion of ¢,. From Egs. (27) and (36),

p = 2(HC/R)(e,) e~ /D¢ (37

and the derivative with respect to effective strain has the
form

dp/de,, = 2(HC/R)e,» e~ @/ e [n — 3¢,]  (38)

Since, initially, €, = €,* = %€, it follows from Eq. (38)
that for 8* =< 1 the slope will start out negative or zero in
the second stage whenever ¢,* > n/2.
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The right-hand side of Eq. (34) increases from n/2 to n as
B* increases from 1 to 4+ . Therefore, at least for

@t > n (39)

instability occurs as soon as the corner of the Tresca hexagon
is reached, for all values of 8*.

The instability pressure ratio 7:; is computed easily.
Since the instability strains have the values

€0; = € € = 0
€y = — €5 € = 5€5," “0)
Eq. (27) yields ;
ps = 2(HC/R)(4es,*)me 20"
Therefore
Pi = 2(2e/n)"(eg,*) e 20" (41)

The strain ep,* depends only on L/R [through Eqs. (16)
and (19)]. For n = 0.04, Eq. (39) will be satisfied for all
L/R > ~0.25; for n = 0.10, Eq. (36) requires that L/R >
~ 0.35. For quite a wide range of parameter values, then,
the instability strains and pressures can be determined with-
out considering the direction of the strain-increment vector
at the corner of the Tresca hexagon.

Normalized instability pressures calculated from Eq. (41)
with the aid of Eqs. (16) and (19) are plotted in Fig. 6 for
n = 0.04 and n = 0.10. Also shown are the appropriate
“long-cylinder”” curves from Fig. 4. The strengthening effect
of the ends is very much in evidence. The tendency of the
instability pressure to increase as the shell length decreases,
mildly exhibited by the “long eylinders,” is confirmed
strongly. For example, as L/R decreases from ~1.5 to ~0.5,
the instability pressure almost doubles.

Figure 6 shows that, when L/R 2 1, two instability pres-
sures are predicted. This phenomenon may be explained
by recalling that the instability pressures represent local
maxima in the deformation process. Thus, the pressure
function, after reaching a relative maximum during the
first stage, continues to increase until a second relative maxi-
mum is reached at the onset of the second stage. The
strains associated with the second maximum are quite large,
es,™ ranging from 269, at L/RE = 0.96, and » = 0.04 to over
509, at L/R = 1.60, n = 0.10. If the cylinder material
has limited duectility, the instability pressure associated with
the first stage of deformation will govern. In any event, the
lower curve is conservative and represents a lower bound to
the instability pressure. Use of the lower curve leaves a dis-
continuous transition from first- to second-stage instability
pressures at certain critical L/R values. For example, when
n = 0.04, the dimensionless instability pressure increases from
1.04 at L/R = 0.96+ to 1.36 at L/R = 0.96—. This be-
havior reflects the fact that, for points on the first-stage
curve in Fig. 6, the values of the circumferential strains and
pressures at instability are well below the corresponding
values at which the cyclinder enters the second stage. Im-
mediately to the left of the transition points, where there is

24
~—— STAGE |
~--- STAGE 2 (SHELLS OF INTER~
MEDIATE LENGTH)
THE \6E4RY SHORT SHELL
ne

THg .IVERY SHORT SHELL
n=0,|

20 1\‘&%‘@

_ 18
a.
16
14
12 NN
: n=010
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Fig. 6 Pressure ratios at instability
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only one instability pressure, the circumferential strains are
large, e.g., 259, for L/R = 0.95. As L/R decreases, how-
ever, the strains decrease, so that the second-stage curve is
expected to govern for sufficiently short cylinders.

The Very Short Shell

Those shells still must be considered for which e,* < n, or,
more precisely, shells for which

@* <n/2 if B*<1 (42)
or
n[28*+17 .
@ < [————B* = 2] it gx>1 (43)

For values of n considered here, shells with e5,* < n are so
short that they more properly should be called rings. It is
doubtful whether they can be represented adequately by the
mathematical model described in the section on basic equa-
tions. A brief discussion of their instability will be included,
however, for completeness and to illustrate the behavior of the
model for vanishingly small values of L/R.

It will be recalled that, if the inequalities in Eqgs. (42) and
(43) are satisfied, then the slope of the pressure vs strain curve
starts out positive in the second stage of deformation. To
discuss stability, it then is necessary to consider the pattern
of deformation after the corner of the Tresca hexagon has
been reached and, in particular, to consider the behavior
of the strain-increment vector at the corner.

If instability occurs shortly, although not immediately, after
the shell enters the second stage of deformation, so that one
may approximate deg,/des, by its initial value,? i.e.,

degg/déau =~ ﬁ* 2 0 (44)
and if the deformation is such that one continues to have
Te/ 7’1]( =0=>1

then it can be shown that, for small n, the dependence of the
instability pressure on 8* is slight, and that, for all8 *, p; = 2.

If ro/r]e=, > 1, then o, > ¢, and, accordingly, oy = o4
If, in addition, the strain-rate vector maintains a constant
direction as stipulated, then much of the development of the
foregoing section, previously applied only at the initial point
€oo = 0, €9, = €,%, remains valid as the shell continues to
deform.

Counsider first 8* > 1. For these 5* values, Eqs. (27, 28,
31, and 32) continue to apply. Since e, = B*(es, — €,*),
the condition dp/dey, = 0 yields**

S R N 26" — 1
onliim]rfFn] w

and by direct substitution and simple manipulation the
instability pressure ratio is found to be

* n
P =2 [2—2’@1%] e=a*@B*=2/2* D] (46)

If now 8% < 1, the pressure and its first derivative are given
by Egs. (37) and (38). The condition dp/de,, = 0 yieldstf

€0 = 3N (47)

# Relaxation of this requirement does not appear feasible at
present.

** Note that, since es* < (n/2)[(28* 4+ 1)/(8* 4+ 2)], then
g, > €0, 1.e., the maximum occurs after the shell has become
locally spherical at the equator, as required. If es* > (n/2) X
[(28* 4 1)/(B* 4+ 2)], the maximum occurs before the shell be-
comes locally spherical at the equator and therefore must be
discarded.

11 Note that, since ep* = 3ee® < 2 7, then esy; > €op® as re-
quired.
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Then, from Eq. (37),
= (2HC/R)(3n)m e~ 48)

This is independent of both 8* and L/R. Interestingly, it
is also twice the value for the infinite cylinder. For any
B* < 1and ,* <n/2, then,

pi =2 (49)

It can be shown that p; as given by Eq. (46) is a nonde-
creasing function of 8*. For B8* = 1, Eq. (46) reduces, as
expected, to p; = 2. In view of this and Eq. (49), then, all
values of p; will be contained within an area bounded by
the curves for 8* = 1 and B8*— .

AS '8* —> o,

ﬁi —> 2ntlo—eg™ (50)

Since the critical strain ep,* is an increasing function of
L/R, the pressure ratio in Eq. (50) is a decreasing function
of L/R and approaches its maximum as L/E — 0. The
greatest “spread’” between the results for 8* = 1 and 8*— «
also will occur for L/B—0. Ifn = 0.04,

Hm  Pilg*— » = 2.055
L/R—0

The entire range of values is shown as the shaded region
in Fig. 6. 1t might be pointed out here that, for n/2 < e,* <
n, the appropriate expression for p; may come either from
the foregoing section or from this section, depending on the
value of 8*. For example, if e¢,* = 2 n, then, for 8* < 4,
Eq (41) applies, whereas for 8* > 4, Eq (46) applies. There
is no difficulty as far as continuity is concerned; . as de-
fined by the set of Egs. (41, 46, and 49) is continuous in 5*,
L/R, and n.

As n increases, the maximum “spread” increases. When
n = (.10, the maximum spread is 0.14. The solutions cover
an area similar to that for n = 0.04 but larger.

Discussion of Results

The results obtained are based on the assumption of a de-
formed meridian in the shape of a parabola. To the extent
that this shape approximates the true shape, the solution
approximates the exact solution. Although, as has been
pointed out, the assumption of a parabolic meridian is not
unreasonable, some further justification of it, and evaluation
of the results, is possible.

If the solution were exact, then of course it would satisfy
the equilibrium equations (1) and (2). In particular, if Eq.
(2) is written in the form

L

re 2 = (ro/11) (51)

p =

then substitution into ¥q. (51) of the exact expressions for
o9, h, 72, and 71 as functions of position along the shell’s axis
should give back the prescribed uniform pressure distribu-
tion. If the approximate solution is substituted into Eq.
(51), then a pseudopressure can be computed which may be
regarded as the pressure associated with the parabolic merid-
ian shape. The deviation of this computed pseudopressure
from the uniform is related to the error in the solution.
The flatter the computed pressure, the closer is the agree-
ment that can be expected between the instability pressures
found and the true values.

Using Egs. (51, 3-7, 10, 14, 16, and 24), the pressure is ob-
tained as a function of position along the shell’s axis:

L) w05

p:
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Here wy, is the deflection at the equator at instability and is
found easily from Eqs. (6) and (15) once e, is known.

Shown in Fig. 7 are the pressure distributions computed at
instability for sample first- and second-stage parameter
pairs: n = 0.04 and L/R = 1 in the first stage, and n =
0.04 and L/R = 0.95 in the second stage. In both distribu-
tions, there is a sharp drop-off near the ends of the eylinder.
This is because the radial displacement, and therefore the
circumferential strain, is taken to be zero at the ends, so that
pressure, being proportional to circumferential stress and
strain, also must vanish. Over the central half of the shell,
the pressure variation is very small in the first stage, being
limited to 1%. In the second stage, the variation is some-
what greater—about 109,. The similarity of preseribed
and computed distributions would indicate that, at least
in the neighborhood of the equator, the assumed shape of the
meridian quite closely resembles the true shape for a shell
under uniform internal pressure.

In order to judge the sensitivity of results obtained at the
equator to changes in meridian shape, parallel developments
and solutions were carried out for a circular meridian. Spot
numerical checks showed that substitution of this shape for
the parabolic changed the pressure ratio by only about 2%,
when L/R = 1, n = 0.04, and by about 79, when L/R =
0.95,n = 0.04.

It is reasonable to expect, then, that the instability pres-
sures obtained are good estimates of the true values ap-
propriate to a shell with a uniform pressure distribution.

Summary

Figures 4 and 6 provide a complete picture of the depend-
ence of the instability pressure on the length-to-radius ratio
of c¢ylindrical pressure vessels. For long cylinders (L/R > 1),
the instability pressure is close to that for the infinite cylinder.
For very short eylinders (L/R — 0), the instability pressure
is approximately twice the infinite-length value. For cylin-
ders of intermediate length, the instability pressure decreases
continuously from the short- to the long-cylinder values. -
For given L/R, the instability pressure increases with the
strain-hardening exponent n. This general behavior con-
firms the trend of the experimental results presented in Ref. 4.

Overlap of the intermediate-length and long-cylinder
curves at L/R values around unity indicates the presence of
two local maxima in the pressure-strain curves. The larger
local maximum occurs at large strains (259, or more), so that
the smaller local maximum may be appropriate for materials
of limited ductility.

The existence of discontinuous transitions from first- to
second-stage instability pressures apparently is due to use
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Fig. 7 Pressure distribution associated with assumed
parabolic meridian shape
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of the piecewise linear Tresca yield condition. It is possible
that a continuous solution could be obtained through use of
the Mises condition, although it is unlikely that the general
shape of the curves in Figs. 4 and 6 would be affected appre-
ciably.

Appendix
The differential equation for r({) is, from Egs. (1-14),

pR ( ) <L>2 [2(1 + rlg) + 7'7‘”] _

2 ¢ \R
[IH<R)] A+ =0 (AD

where R = B + w, v’ = w'.
If the restriction is imposed that

w/R « 1 (A2)
w? <1 (A3)
then Eq. (Al) simplifies to
pR (P~ p w\" _
o ¢ [2 + Rw"] — (R> =0 (A4)

The first integral of (A4) is

pR (P

1pw'2] —
o ¢ (2wt "]

R w\»T1

The constant of integration is obtained from the condition
that w’ = 0 at w = Wmax, since the maximum value of w
cannot occur at the ends of the shell. Equation (A5) may
be written as

7't = (4/weaxR)[(1 — ) — k(L — 9»™)]  (A6)

where
CH (Wmax/ R)"
b= A7
@t + DpR (4D
0< 7=w/tWnx <1 (A8)
From the definition of 5, and since n > 0,
1 1 -9
n+1<1—n"+lsl (A9)

Since one must have 5’2 > 0, k is restricted so that
k<1/(n+1) (A10)

The function 5’2 as defined by Eq. (A6) is monotonic de-
creasing in 7 for 0 < 9 < 1. It has only one zero in the in-
terval 0 < 7 < 1, and that occurs at 7 = 1. Because of
symmetry requirements for the deformed meridian, there
must be a zero of w’, and therefore of %', at { = 0. Since
7’ hasa zeroonly at n = 1, one must have n = 1 at { =
Le., the maximum displacement occurs at the equator and
Wmax = Wo. Also, since there is a relative maximum but no
relative minimum, % must be positive for { < 0 and negative
for¢ > 0.

Because of Eq. (A9),

=+ DEIA -9 < [A—n — k1 - 9] <

[A =80 —-9] (AlD
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Therefore, going back to Eq. (A6) and considering, e.g., { <

0,7 >0,
1 — (n 4+ DETH? 7’ 1 — k\¥?
o) s st gm s (ag)
On integrating and using the fact that n = 1 at { = 0, one
obtains
1 — (n 4 DE2 o (1= R\
[—“woR :l (<0 =—m2< ok ¢ (A13)

This means that for fixed w, the solution is bounded below by
the parabola

m=1~=[1— k)/wR* (A14)
with axial half-length
A= [wR/(1 — k]2 (A15)
and that the solution is bounded above the parabola
= {[1 = (n + DEk}/woR}{? (A16)
with axial half-length
1/2

Equation (A7), together with Eq. (A15) or (A17), provides
an expression for the pressure in terms of wy:

(i_%)”glj _ (wo/R)* _
1) CH™ ¥+ D[ — B/M)*wyB)]

(wo/R)"
(1 — (B/A)*(wo/B)]

This satisfies the requirement of Eq. (A10) that
&) (pR/CH) > (wy/R)"

The pressure as glven by Eq (A18) is an increasing function
of wy, so that no maximum in p is observed as long as wy/R <
1lw?2 1.

A more exact form of the solution, free of these restrictions,
would be required in order to show the development of the
maximum pressure. For sufficiently short shells, it is possible
that the shell will become locally spherical at the equator
while (A2) and (A3) still are satisfied. Equation (A1) then
must be replaced with one appropriate to ro/r; > 1.

Although the solutions given here are not appropriate for
large pressures or displacements, they do provide a reasonable
estimate of the pressure-displacement relationship and
meridian shape at the beginning of the deformation process.

(A18)
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